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THE FLEXIBLE STWNG 



4.3 SIMPLE-HARMONIC OSCILLATIONS 



ainrw.-i i^v . . . 

. It h , s been seen in the last section that tapo*. 
limits the sorts 

conditionscorrespondtothenxmgot Dome fa ^ 

. the motion is limited to periodic mot on ™ » tem M a ^ 

one, for we found in the last chapter £ P motio n. It 

of coupled oscillators does not, in genera , move , P e » d (wh}ch 

fcow it is started. . , - oss fct e simple-harmonic 

Our problem in this secUon is ^ d ^ Tsee what the 

r elationisbetweenthefrequenc,esof ^ "^^^^ fl* normal , 
combined motion always Sf"^^^23cexe«iii For systems 
. modes of vibration of a system is not just supports, we have no f 

■ m0 re complicated than ^.^^ n £X and the onlyi 
method of graphical analyse s.tmlar to that of the 1 ^ & 

feasible method of discussing the moUon s take P f * 

stituent simple-harmomc components ^ PJ ^ si 

for studying the problem, for £ * b twee „ a note from | 

harmonic parts (if there are ■«^JS 1 cfteL«e of this analysis. If tti 
violin and a note from a bell, for instance, oc f fundanW itaf 

frequencies present in a sound are aU ■£*£^^< hn ^ 
frequency, as they are in a violin, ^JJ^J^ f rom a bell, 
the frequencies are not so simply related, as m the now 

Traveling and standing waves. . i oVwhich we showej 

too far from equilibrium (as long as \dyldx\ < 1). j 
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>f any portion of the string is directly proportional to the curvature of that 
portion. If the curvature is downward, the acceleration is downward, and 
rfce versa; and the greater the curvature, the faster the velocity changes. 

If the string is infinite in extent, it can carry waves which travel exclusively 
in one direction. In that case, as was pointed out at the beginning of this 
diapter, if the time dependence of the wave is to be sinusoidal, its space 
dependence must also be sinusoidal. All simple-harmonic waves traveling 
in the positive x direction must have the form 

y(x,t) = A cos ^ (x — ct) — C>J 

or 

X*.0 = C exp ^ (x - «)] (4.3.2) 

if C = Ae~ i0 and if physical meaning is attached only to the real part of the 
second expression. For a simple-harmonic wave in the negative jc direction 
we substitute -(x + ct) for (x - ct) in these expressions. Incidentally, the 
reason we have chosen the time factor to be e~ itaf rather than e> wi is that then 
the sign of the x part of the exponent, e ±ia > x/c 9 indicates the direction of the 
wave. 

For the wave of Eq. (4.3.2), the energy' and momentum densities are 
[Eqs. (4.1.9) and (4.1.12)] - 

Kinetic energy density = U = \€co*A* sin 2 ^ (x - ct) - <I>J 

Potential energy density = V = \T ^Ja % sin 2 ^ (jc - ct) - 

Total energy density = W H = ecoM 2 sin 2 \j (x - ct) - <D J = (4 3 3) 
Energy flux = = cH 

Longitudinal momentum density = W xt = — 

c 

IT 

Longitudinal stress = W = — ' 

c z 

The energy density is greatest where the string's slope and transverse velocity 
are greatest, each packet of energy spaced a half wavelength from its neighbor, 
each traveling with a velocity c. Consequently, the energy flux W ix is equal 
to e times the energy density W t t . Th& wavelength of these waves is, of 
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course, the distance between one wave peak and the next, a distance such that 
an increase of x by A will increase (w/c)(x — ct) by 2-rr, so that {o)\c)X = 2n 7 
or X = 2itcIoj. 

We could reach the same conclusions by asking what sort of shape the 
string will have when it vibrates with simple-harmonic motion, i.e., when its 
time dependence is through the factor Setting y(x y t) = Y{x)e' iai into 

the equation of motion (4.1.3) or (4.1.8), we obtain a familiar equation 
for Y(x). 

S+GM ? .. ™ 

which is identical with Eq. (1.2.1). This is the equation for simple-harmonic 
dependence on jc, with u angular frequency" k—oijc and "period" A = 
l-rrfk = 2*rc/«a. The quantity k is called the wavenumber of the wave; its 
dimensions are inverse length: The quantity A is the wavelength of the wave, 
the distance from crest to crest of a sinusoidal wave traveling in one direction. 
The general solution of Eq. (4.3.4) can be written 

Y(x) = C+e <to ** e + CjT'" 9 ** 

so that 

y( Xf t) = c+e iaix ~ et)/e + C„e- ia(x + ci)/0 

« A+ cos (x - ct) - <t>+] + A. cos (* + ct) + *-]• (43.5) ■ 

representing two waves, of the same frequency and wavelength, traveling in 
opposite directions along the string. Since the wave equation, is linear, 
neither wave has any effect on the other. 

This mutual independence of the waves extends to expressions for their 
energy-momentum-stress terms, such as the total energy, 

H = U + V= aj*(0+* + 2fl + 0- + BJ) 
where _ 

- fl + s .A+ sin ( X - ct) - 0+] 6. « ^. sin jj (x + d) + 4>_] 

The mean value of the square terms is <0 + 8 > = \Aj* and (fl J) — \AJ, neither 
of which is. zero. But the cross terms can be written 

= \A+A_ |cos (2a>r + + 4>.) - cos ^2 ^ x - <5 + + j 

When averaged over space and time, the average is zero. The energy flux 
has no cross term; 
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so that even the instantaneous values of the flux are simply the differences 
between the two individual fluxes.' Thus the average values of the stress- 
energy tensor are 

• H — <Wu) - ke(o\A + * + A J) = i <ff„) 

• (4.3.6). 

™! a a ^ StreSS tCrmS T the sum of the ter ™ arising from each wave. 
The energy and momentum fluxes are the difference of the terms, since the 
•two.waves are flowing in opposite directions. 

If the amplitudes of the two simple-harmonic waves are equal, there is no 
nrtflow of energy or momentum, and the combination is called a stand^g 



" 2A cos (7 * +• - i*-) exp (-/»/ + idi. 



'+ + *<!>_) (real part) 
- 2Acos . (7 * + cos (o»/-K»+- I*-) (4.3.7) 

phases In this case the shape of the wave does not move along the string- 
U simply oscilates in amplitude with simple-harmonic motion.* At X 

Si If 1 &e Stnng neVCr m ° VeS ' ^ P° ints "« called fce «o<k/ 
fww of the wave motion. In the case that we are considering where the 
density and tension are uniform, the nodal points are •q^m^TS^eddS 

ZESZfTT - l2V aP f' tW ° for Wavelength' luLy teS 
each pair of nodal points ,s the part of the string havingthe largest amplitude 

• norl Z\l T 6 ^ traVe,in * WaVCS a,wa y s a * d their effects P This 
portion of the wave is called a loop, or antinode. ■ 

for if ° Uld a5k ^° W 1 Sta ! lding WaVC getS establ "hed and is maintained, 
gnf he e ,s no motion at each node, there can be no flow of energy from one 
bop to ltS neighbors The answer is that a standing wave is a fLdy-state 

enlov 5 S ' D0 ? S 3re n0t P"^ 1 < that > is not *™% zero there) and 

S^!TJ r ° m0nel r ptOtheneXU Also/even Jthesteady-sSe 

Sin on- , f ?S 4 k ° nly PerfeCt Whcn there h no friction - '^th zero 
nc on, once a loop has acquired its energy, it can oscillate forever. If 

antphtude of vibration; some energy flows from loop to loop. 
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Normal modes 



Normal modes 

Sofar.wehaveneglectedbouadarycpndAtions. 

when * - 0, the general form of (4.3.5) can no longer be used; the number of 

pSL harmonic motions is limited; The expression for y that must be 

S is the standing-wave form (4.3.7) with the_angles O so chosen that 

a nodal point coincides with the point, of support x-Q. 

y^A^^xjcosQwt-*) 0.3.8) 

This asrees with the discussion in the previous section. For the simple 
2?n2T«JSon that we have used, the reflected wave has the same 
aZtude as the incident wave; and when the incident one is smusoidal, the 
S is a set of standing waves. Any frequency is allowed however. 

Xn the second boundary condition, = Oat* = 
of possible simple-harmonic motions is stillmore severely 'limited. Fo now, 
of aS the possible standing waves indicated in (4.3.8), only those M havea 
Z.i \ n L ntx-l can be used. Since the distance between nodal points 
detn'd on the ^f^y the string fixed at both ends cannot vibrate with 
StaLnic motion of any frequency; only a discrete set of frequencies 
Xved thesetthatmakessin[(2,rv/ C )/]zero. The distance between nodal 
points musM* /, or it must be Z/2 or 1/3, etc. The allowed frequencies are 
j££ c/2/. 2cW, icill, etc and the different allowed simple-harmoruc 
motions are aU given by the expression 

y = A n sin cos t - <D B ) 



n = 1, 2, 3, 4, . . • 

(4.3.9) 



nc _n_ IT 
V " = 27 _ 



The lowest allowed frequency v, = c\ll is called tte fundamental 'frequency of 
^ raSTof the string It is the frequency of the general periodic motion of 
^e S, as we showed in the last section. The higher frequencies are called 
overtones, the first overtone being v 2 , the second v s , and so on 

The equation for the allowed frequencies given m Eq. (4.3.9) expresses 
an e^emely important property of the ^.^£*£25 
between rigid supports. It states that the frequencies of all the overtones ^oi 

bearing this simple relation to the fundamental are called harmonics, me 
funSenL frequency being called the first harmonic, the first overtone 
(twice the fundamental) being the second harmonic, j and so , on. 

Very few vibrating systems have harmonic overtones, but these few arc 
the bt£s of nearly al! musical instruments For when the overtop are 
harmonic, the sound seems particularly satisfying, or musical, to the ear. 
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The general solution of this is 

= c cosh (lirpx) + b sinh (2tt/*x) + c cos (2tt/xx) + d sin (27t/*jc) (5. 1 . ! I ) 

where cosh u~ cos (f«) and sinh u = — tsin (zu). -See Eq. (1.2.10) and 
Tables I and II. 

This general solution satisfies Eq. (5.1.10) for any value of the frequency 
v. It is, of course, the boundary conditions that pick out the set of allowed 
frequencies. 

Bar clamped at one end 

For example, if we have a bar of length / clamped at one end x = 0, 
the boundary conditions at this end are that boihy and its slope dy/dx must 
be zero at x = 0. The particular combination of the general solution 
(5.1-1 1) that satisfies these two conditions is the one with c = — a and 
d=-b. 

Y = a[cosh {2tt(mx) - cos (lir/ix)] + i[sinh (2wfix) - sin (2tt[ix)] (SAM) 

If the other end is free, y and its slope will not be zero, but the bending 
moment M = QS K 2 (d 2 Y/dx 2 ) and the shearing force F= -QSK 2 (d*Yldx*) 
must both be zero, since there is no bar beyond x = / to cause a moment or 
a shearing stress. We see that two conditions must be specified for each 
end instead of just one, as in the string, This is due to the fact that the 
equation for Y is a fourth-order differential equation, and its solution involves 
four arbitrary constants whose relations must be fixed, instead of two for 
the string. It corresponds to the physical fact that whereas the only internal 
stress in the string is tension, the bar has two, bending moment and shearing 
force, each depending- in a different way on the deformation of the bar. 

1 v 

The two boundary conditions at x = / can be rewritten as — — — = 0 
1 <f s y 4tt 2 ^ 2 dx 2 

^YdF = ° at X = 1 Substitutin S expression (5.1.12) in these, we 

obtain two equations that fix the relationship between a and b and between 
/J and 7: 

flfcosh (2tt^/) + cos (iir/dl)] + 6[sinh (In^l) + sin (2^/)] = 0 
a [sinh (2tt^/) — sin (2tt^/)] -f Z>[cosh (2nfil) + cos (2^pcl)] = 0 



or 



b = n sin (2ttj*1) - sinh (2nfd) = _ cos (2irpl) + cosh (2irpl) 

cos (lir/d) + cosh (2tt^/) a sin (2^/) + sinh (2nfil) ^ ' ' 3 * 
By dividing out a and multiplying across, we obtain an equation for fi: 
[cosh (2tt/z/) + cos (2n/x!)] 2 = sinh 2 (2irpl) - sin 2 (2np[) 
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•Utilizing some trigonometric relationships, this last equation can be reduced 
to two simpler forms: 

cosh (27T/d) cos (2^1) = —1 or coth* = tan 8 (irpt) (5. |,|4) 
where coth z = cosh z/sinh r. 



The allowed frequencies 

We shall label the solutions of this equation in order of increasing value 
They are 2*^1 = 1.8751, 2tt/x 2 I = 4.6941, 2irpJ = 7,8548, etc. To simplify 
the notation, we let l/rr times the numbers given above have the labels ft 
so that /? *' 

Pn = 2j (5.I.IS) 

where /? 2 = 0.597, & = 1 .494, & == 2.500, etc. It turns out that 0 n is prac- 
tically equal to n — \ when n is larger than 2. 

By fixing p. y we fix the allowed values of the frequency. Using Eq 
(5.1.10), we have ' * 



2tt . 2/W p Pn 



(5.1.16) 



or 



0.55966 



/— v a = 6.267V! 
' v 3 = 17.548V! 
v 4 = 34.387v x 



Notice that the allowed frequencies depend on the inverse square of the 
length of the bar, whereas the allowed frequencies of the string depend oh 
the inverse first power. 

Equation (5.1.16) shows how far from harmonics are the overtones for 
a vibrating bar. The first overtone has a higher frequency than the sixth 
harmonic of a string of equal fundamental. If th$ bar were struck so that 
its motion contained a number of overtones with appreciable amplitude, it 
would give out a shrill and nonmusical sound. But since these high-frequency 
overtones are damped out rapidly, the harsh initial sound will quickly change 
to a pure tone, almost entirely due to' the fundamental. A tuning fork can 
be considered to be two vibrating bars, both clamped at their lower ends. 
The fork exhibits the preceding behavior, the initial metallic "ping" rapidly 
dying out and leaving an almost pure tone. 

The characteristic functions 

The characteristic function corresponding to the allowed frequency v n 
. is given by the equation 



cosh -y- — cos 



)+6 n (sinh^-sin^) (5.1.17) 
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Where 



cosh (w0J +■ cos (rrp n ) sinh (rrp n ) - sin (tt^J 



sinh (tt/JJ + sin (ttjSJ n cosh (^J + cos (irftj 



We shall choose the value of a n so that J y n a rfx = //2, "by analogy with the 

sine functions for the string, the resulting values for a n and b n are a t =. 
0.707, b x = -0.518, o 2 = 0.707, b % = -0.721, a z = 0.707, fc 3 = -0.707, 
etc. For n larger than 2, both a n and b n are practically equal to 1/V2. 
Some of the properties of these functions that will be of use are 



y>m(x)yj n (x)dx = 



1.040 



'0 . 
/ 
2 



m = n 



Vn(0 = (-l)' l - 1 V2 



(p) - -1.440^5 

\dx A-i / 



\dx A-i 

\dx/x-i I 



(5.1.18) 

n>2 

n>2 



The shapes of the first five characteristic functions are shown in Fig. '5.4. 
Note that for the higher overtones most of the length of the bar has the 
sinusoidal shape of the corresponding normal mode of the string, with the 
nodes displaced toward the free end. In terms of the approximate form 
given above for y> n , the sine function is symmetrical about the center of the 
bar; the first exponential alters the sinusoidal shape near x = 0 enough to 
make y> n have zero value and slope at this point; and the second exponential 
adds enough near x ~ I to make the second and third derivatives vanish. 
Note also that the number of nodal points in y n is equal to n — 1, as it is 
for the string. 

In accordance with the earlier discussion of series of characteristic 
functions, we can now show that a bar started with the initial conditions, at 
t = 0, of y = y 0 (x) and dyfdt = v 0 (x) will have a subsequent shape given by 
the series' «, 

7 = 1 V«(*)[*n cos (27rv n 0 + C n sin (27rv ft r)] (5. 1 . 1 9) 

where 



B n = \ j^oWVnM dx ' * 
C n «= 4"/ ] "oWVnW dx 

-ny J Jo 
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